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Abstract: The asymptotic structure of three-dimensional hypergravity without cosmo¬ 
logical constant is analyzed. In the case of gravity minimally coupled to a spin-5/2 field, 
a consistent set of boundary conditions is proposed, being wide enough so as to accommo¬ 
date a generic choice of chemical potentials associated to the global charges. The algebra 
of the canonical generators of the asymptotic symmetries is given by a hypersymmetric 
nonlinear extension of BMS 3 . It is shown that the asymptotic symmetry algebra can be 
recovered from a subset of a suitable limit of the direct sum of the W( 2 , 4 ) algebra with its 
hypersymmetric extension. The presence of hypersymmetry generators allows to construct 
bounds for the energy, which turn out to be nonlinear and saturate for spacetimes that 
admit globally-defined “Killing vector-spinors”. The null orbifold or Minkowski spacetime 
can then be seen as the corresponding ground state in the case of fermions that fulfill pe¬ 
riodic or antiperiodic boundary conditions, respectively. The hypergravity theory is also 
explicitly extended so as to admit parity-odd terms in the action. It is then shown that the 
asymptotic symmetry algebra includes an additional central charge, being proportional to 
the coupling of the Lorentz-Chern-Simons form. The generalization of these results in the 
case of gravity minimally coupled to arbitrary half-integer spin fields is also carried out. 
The hypersymmetry bounds are found to be given by a suitable polynomial of degree s + ^ 
in the energy, where s is the spin of the fermionic generators. 
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1 Introduction 

It has been shown that the inconsistencies arising in the minimal coupling of a mass¬ 
less spin-5/2 field to General Relativity [1], [2], [3], [4] can be successfully surmounted in 
three-dimensional spacetimes [5]. This theory is known as hypergravity, and it has been 
recently reformulated as a Chern-Simons theory of a new extension of the Poincare group 
with fermionic generators of spin 3/2 [6]. In the case of negative cosmological constant, 
additional spin-4 fields are required by consistency [7], [8], [9], and it can be seen that 
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the anticommutator of the generators of the asymptotic hypersymmetries, associated to 
fermionic spin-3/2 parameters, leads to interesting nonlinear bounds for the bosonic global 
charges of spin 2 and 4 [9]. The bounds saturate provided the bosonic configurations ad¬ 
mit globally-defined “Killing vector-spinors”. One of the main purposes of this paper is to 
show how these results extend to the case of asymptotically flat spacetimes in hypergravity, 
also in the case of arbitrary half-integer spin fields. In the next section we briefly sum¬ 
marize the formulation of hypergravity as a Chern-Simons theory for the hyper-Poincare 
group in the simplest case of fermionic spin-5/2 fields, while section 3 is devoted to explore 
the global hypersymmetry properties of cosmological spacetimes and solutions with coni¬ 
cal defects. In the case of fermions that fulfill periodic boundary conditions, it is shown 
that the null orbifold possesses a single constant Killing vector-spinor. Analogously, for 
antiperiodic boundary conditions, Minkowski spacetime is singled out as the maximally 
(hyper)symmetric configuration, and the explicit expression of the globally-defined Killing 
vector-spinors is found. The asymptotically flat structure of hypergravity in three space- 
time dimensions is analyzed in section 4, where a precise set of boundary conditions that 
includes “chemical potentials” associated to the global charges is proposed. The algebra of 
the canonical generators of the asymptotic symmetries is found to be given by a suitable 
hypersymmetric nonlinear extension of the BMS 3 algebra. It is also shown that this alge¬ 
bra corresponds to a subset of a suitable Inonii-Wigner contraction of the direct sum of the 
W( 2 , 4 ) algebra with its hypersymmetric extension W ^2 5 4 ^- The hypersymmetry bounds 
that arise from the anticommutator of the fermionic generators are found to be nonlinear, 
and are shown to saturate for spacetimes that admit unbroken hypersymmetries, like the 
ones aforementioned. This is explicitly carried out in section 5. In section 6 , the previous 
analysis is performed in the case of an extension of the hypergravity theory that includes 
additional parity-odd terms in the action. It is found that the asymptotic symmetry alge¬ 
bra admits an additional central charge along the Virasoro subgroup. The results are then 
extended to the case of General Relativity minimally coupled to half-integer spin fields in 
section 7, including the asymptotically flat structure, and the explicit expression of the 
Killing tensor-spinors. The hypersymmetry bounds are shown to be described by a poly¬ 
nomial of degree s -|- 1/2 in the energy, where s is the spin of the fermionic generators. We 
conclude in section 8 with some final remarks, including the extension of these results to the 
case of hypergravity with additional parity-odd terms and fermions of arbitrary half-integer 
spin. The coupling of additional spin-4 fields is also addressed. Appendix A is devoted to 
our conventions, and in appendix B, an alternative interesting form to obtain the explicit 
form of the Killing vector-spinors is presented. The general form of the hyper-Poincare 
algebra is discussed in appendix C, while appendix D includes the asymptotic hypersym¬ 
metry algebra in the case of fermionic fields of spin 3/2 (supergravity), as well as for fields 
of spin 7/2 and 9/2. 

2 General Relativity minimally conpled to a spin-5/2 field 

It has been recently shown that the hypergravity theory of Aragone and Deser [5] can be 
reformulated as a gauge theory of a suitable extension of the Poincare group with fermionic 
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spin-3/2 generators [6]. The action is described by a Chern-Simons form, so that the 
dreibein, the (dualized) spin connection, and the spin-5/2 held correspond to the compo¬ 
nents of a gauge held given by 

A = + + (2.1) 

that takes values in the hyper-Poincare algebra, being spanned by the set {Pa, JaiQa}- 
The fermionic helds and generators are assumed to be T-traceless, i. e., V°‘'ipa = 0, and 
Q°^Ta = 0, so that the nonvanishing (anti)commutation rules read 

\Ja, — ^abcJ , \'Ja, Pb\ — ^abcP , 

[Ja, Qab] = 2 (l"a)^Q, Ql3b + ^abcQa ) (2-2) 

{Qa, Q'f^} = -1 , 

where C stands for the charge conjugation matrix. The Majorana conjugate then reads 
V'aa = V’aC'^a- Since the algebra admits an invariant bilinear form, whose only nonvanishing 
components are given by 

{Ja,Pb)=riab , = V'=(Cre)„;3, (2.3) 

the action can be written as 

which up to a surface term reduces to 

I = ^J 2i2“ea + (2.5) 

Here = duj°‘ + is the dual of the curvature two-form, and since the fermionic 

held is T-traceless, its Lorentz covariant derivative fulhlls 

= - WfeTV'’ • (2.6) 

The held equations are then given by T = dA -|- = 0, whose components read 

i?'* = 0 , r“ = = 0, (2.7) 

where r“ = L>e“ corresponds to the torsion two-form. 

Therefore, by construction, the action changes by a boundary term under local hy¬ 
persymmetry transformations spanned by 6A = dA P [^, A], with A = e“(5“, so that the 
transformation law of the helds reduces to 

= 0 , < 5 ^’“ = De^ ■ ( 2 . 8 ) 

Note that the transformation rules of the helds in [5] agree with the ones in (2.8), on-shell. 
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3 Unbroken hyper symmetries: Killing vector-spinors 


It is interesting to explore the set of bosonic solntions that possess nnbroken global hy¬ 
per symmetries. According to the transformation rnles of the fields in (2.8), this class of 
confignrations has to fulfill the following Killing vector-spinor eqnation: 

de“ + = 0 , (3.1) 

where the spin-3/2 parameter e“ is F-traceless. 

As it follows from the field eqnations (2.7), the spin connection is locally flat, and it 
can then be written as w = uj°'Ja = g~^dg, with g = Therefore, the general solution 

of the Killing vector-spinor eqnation (3.1) is given by 

^2 = {9s%i9vfavS^ (3.2) 

where is a T-traceless constant vector-spinor. Here, gs and gy stand for the same gronp 
element g, bnt expressed in the spinor and the vector (adjoint) representations, respectively. 
Since the generators of the Lorentz gronp in the spinor and vector representations are given 
by (Ja)^ = 2 (Ta)^, and (Ja)bc = -^abc, they explicitly read 


(5s)^ = exp 


xA“ (T.)^ 


i9v)bc = exp [-A“eafec] • 


(3.3) 


Hence, bosonic confignrations that admit nnbroken hypersymmetries possess Killing 
vector-spinors of the form (3.2) provided they are globally well-defined, either for periodic 
or antiperiodic bonndary conditions. 


3.1 Cosmological spacetimes and solutions with conical defects 

Let ns focns on an interesting class of circnlarly symmetric solntions that describe cos¬ 
mological spacetimes as well as confignrations with conical defects. The latter class was 
introdnced in [10], [11] while the former one was explored in [12], [13], [14]. The thermo¬ 
dynamic properties of cosmological spacetimes have been analyzed in [15], [16], [17], [18]. 
As explained in [19], [20], [9], it is nsefnl to express the solntion for a fixed range of the 
coordinates, so that the Hawking temperatnre and the chemical potential for the angnlar 
momentnm manifestly appear in the metric. Hereafter we follow the conventions of [18], and 
for latter pnrposes, it is convenient to write the line element in ontgoing nnll coordinates, 
which reads 


ds = —— 


dvr / 


k V kr‘^ 


— V 1 gf,du — 2g,-pdudr -|- r 


d(j) + 


, 2TTg'pJ\ 


1 2 


(3.4) 


Here V determines the mass, whose associated “chemical potential” relates to the inverse 
Hawking temperatnre according to g-p = —Analogonsly, gj stands for the chemical 
potential associated to the angnlar momentnm J. We also assnme a non-diagonal form for 
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the Minkowski metric in a local frame, so that its nonvanishing components are given by 
Voi — ^10 = V 22 = 1- The dreibein can then be chosen as 


= —dr H- du H- (dcj) + fJ^jdu) , = ^pdu , = r (d(j) + jJ'jdu) , 

k k 


and hence, the components of the dualized spin connection are given by 

= d(f> + njdu , = 0 , 


= —;— {d(f> + fijdu) 


k 


(3.5) 


(3.6) 


As explained at the beginning of section 3, since the curvature two-form vanishes, the spin 
connection (3.6) is locally flat, and it can then be generically written as w = g~^dg, with 


g = exp 


T 27rP . , 

Jl H- :—Jo ) 


(3.7) 


and (f> = (f) + k'ju- 

Note that in the case of V ^ 0, for the spinor and vector representations, the group 
element g in (3.7) exponentiates as 


gs = cosh 


ttV 7 


hx2 + \l ^ sinh 


irV 

X' 


Jl -|-^*^0 I ’ (3-^) 


I k 

ffy =13x3+2 sinh 


ttV 


2ttV \ k 


tt'P 

X‘ 


T 27riP ^ 

Jl H-i—Jo 


k 


respectively, while for V = 0, it reduces to 


gs = I 2 x 2 + Xl , gv = I3x3 + Xl + • 


(3.9) 

(3.10) 


One then concludes that cosmological spacetimes, for which V > 0, necessarily break all 
the hypersymmetries. Indeed, this class of solutions cannot admit globally-defined Killing 
vector-spinors because, according to (3.8) and (3.9), the (anti)periodic boundary conditions 
for the vector-spinor Ca in (3.2) fail to be fulfilled. 

In the case of configurations with V = 0, equations (3.2) and (3.10) imply that the 
Killing vector-spinor is constant and satisfies: 


3 

2 


TlCa 


TaCl = 0 , 


(3.11) 


so that it fulfills periodic boundary conditions, and possesses a single nonvanishing compo¬ 
nent given by = X- 

For the remaining case, V := —kj'^/n < 0, describing solutions with conical defects, 
the group element in both representations reduces to 


cos 


1 

I 2 x 2 + V sin 




J 



(Jl - 2jXo) , 


(3.12) 
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(3.13) 


gv = I3x3 + TTrSin 


2j<(< 


(Ji - 2fJo) + ^ sin 


j4> 


1 2 


(Ji - 2^-2Jo)' 


Therefore, this class of conhgurations possesses four independent Killing vector-spinors 
that fulhll (anti)periodic boundary conditions provided j is a (half-)integer. The explicit 
form of the Killing vector-spinors is then obtained from (3.2), where gs and gy are given 
by eqs. (3.12) and (3.13). Note that this is the maximum number of hypersymmetries. 
Indeed, for these conhgurations the holonomy of the spin connection becomes trivial, which 
in the spinor representation means that gg^{^)gs{^ + 27r) = — 12 x 2 ) while in the vector 
representation the condition reads gy^{<j))gv{^ + 27r) = I 3 X 3 . It is worth pointing out 
that if j were different from a (half-)integer, the conhgurations would not solve the held 
equations in vacuum. This is because they would possess a conical singularity at the origin, 
and hence they should necessarily be supported by an external source. 

As it occurs in the case of supersymmetry, it is natural to expect that the bosonic 
global charges fulhll suitable bounds that turn out to be saturated for conhgurations that 
possess unbroken hyper symmetries. Indeed, as shown in [21], the bounds that correspond to 
three-dimensional supergravity with asymptotically hat boundary conditions certainly do 
so. Actually, the bounds also exclude conical surplus solutions, in particular those whose 
angular coordinate ranges from zero to dvrj, with j > 1/2, despite they are maximally 
supersymmetric. When a negative cosmological constant is considered, this is also the case 
not only for supergravity [22], but also for hypergravity [9], where in the latter case the 
bounds turn out to be nonlinear. Thus, one of the main purposes of the following sections 
is showing how these results can be extended to the case of hypergravity endowed with a 
suitable set of asymptotically hat boundary conditions, as well as how to recover them in 
the vanishing cosmological constant limit. 


4 Asymptotically flat behaviour and the hyper-BMSs algebra 


Let us introduce a suitable set of asymptotic conditions that allows to describe the dynamics 
of asymptotically hat spacetimes in hypergravity. The set must be relaxed enough so as 
to accommodate the solutions of interest that have been described in section 3.1, and 
simultaneously, restricted in an appropriate way in order to ensure hniteness of the canonical 
generators associated to the asymptotic symmetries. In the case of pure General Relativity, 
a consistent set of boundary conditions indeed exists, whose asymptotic symmetry algebra 
corresponds to BMS 3 with a nontrivial central extension [23], [24], [25]. These results have 
been extended to the case of supergravity [21], as well as for General Relativity coupled to 
higher spin helds [26], [27], [17], [18]. In order to carry out this task in hypergravity, we 
take advantage of the Ghern-Simons formulation of the theory, depicted in section 2 . Since 
the hypersymmetry generators are T—traceless, it is useful to get rid of Q 2 = QiLq — Qori) 
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so that once the remaining generators are relabeled according to 


J-i —, J\ — J\ , Jq — J2, 
V-i = —2Po ) Vi = Pi , Po = P 2 , 

Q_ 3 = 2 4 \/3Q_,_g , Q_ 1 = 24\/3Q-o ) 

2 2 

Qi=-2i\/3Q+i , Q 3 =-2-3\/3Q_i, 

2 2 

the hyper-Poincare algebra (2.2) reads 



= {m 

'Pn 

= {m 

r - - 1 

73 

vTm? Qp 

= (- 

r - - 1 

1 , 


■ = 4( 


= - (6p2 - 8pq + 6q‘^ - 9) Vp+g 


(4.1) 


(4.2) 


with m,n = ±1,0, and p,q = zb|. 

Thus, following the lines of [28], and as explained in [21], [27], the radial dependence 
of the asymptotic form of the gauge field can be gauged away by a suitable group element 
of the form h = so that 


A = h ^ah + h ^dh, (4.3) 

and hence, the remaining analysis can be entirely performed in terms of the connection 
a = ttudu + aipdif), that depends only on time and the angular coordinate. As explained 
in [19], [20], one starts prescribing the asymptotic form of the dynamical gauge field at a 
fixed time slice with u = uq, so that the asymptotic fall-off of is assumed to be such 
that the deviations with respect to the reference background go along the highest weight 
generators of (4.2). Choosing the reference background to be given by the null orbifold [29], 
that corresponds to the configuration in (3.4) with 77 = P = 0, the asymptotic form of the 
dynamical field reads 

Of/) = 77i — — 1 -|- P — 

where 77, P and iIj stand for arbitrary functions of u, (j). The asymptotic symmetries 
then correspond to gauge transformations 5a = dX + [a, A] that preserve the form of (4.4). 
Therefore, the hyper-Poincare-vahied parameter A is found to depend on three arbitrary 
functions of u and 4>, so that 

X = TVi+ YJi + £Qi + r?^3) [T, T, £] , 
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where E is Grassmann-valued, and 


77(3) [T,Y,£] = -rVo - Y'Jo - £'Q, - ^ (^^YP - 

-l(TP + rj- I. 4 .S - At") -1 (Ysr - r) c_. 

while the transformation law of the helds reads 

k 

5V = 2PY' + P'Y - Y'" , 

27r 

5J = 2JY' + J'Y + 2VT' + V'T - ^T'" + ^ii;£' + \if£ , (4.7) 

iTT I 1 

^ Qtt h 

hT/; = -tPY' + fY - —V'^E + -V"£ + bV'E' + 5PE" - £”” . 

2 2k 2 2 tt 

Hereafter, prime stands for dip. Since the time evolution of corresponds to a gauge 

transformation parametrized by the Lagrange multiplier a^, its asymptotic form will be 

maintained along different time slices provided is of the allowed form, i. e., 

au = , (4-8) 

where the chemical potentials stand for arbitrary functions of u, cj), that are 

assumed to be hxed at the boundary. Consistency then demands that the held equations, 
which now reduce to 

j = 277 fij + J'lij + 2 Pfip + 'PV'P ~ + 2'^'^'l^ip ) ( 4 - 9 ) 

5 9yr 3 ^ 

^ = 2'^k^j' + + ST’Vb' + S'P/^b" - > 

have to hold in the asymptotic region, while the parameters of the asymptotic symmetries 
fulhll the following conditions 

Y = fijY'- f,j'Y , 

Qtt 3 3 

T = ^jT' - lij'T + n-pY' - ^-p'Y + —ifi^EV - -in^''£ + 2ifj.^'£' - -in^E” ,(4.10) 
^ = \kijY' - n^'Y - ^kj'S + kj £', 

which are needed in order to ensure that the global charges are conserved.^ 

Following the Regge-Teitelboim approach [30], the variation of the canonical generators 
is found to be generically given by 

5Q[\] = -^ j {X5a^)d(t>, (4.11) 

^ Since global symmetries are necessarily contained within the asymptotic ones, these results provide an 
interesting alternative path to find the explicit expression of the Killing vector-spinors. See appendix B. 
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which by virtue of (4.4) and (4.5), up to an arbitrary constant without variation, integrate 
as 

Q [T, Y,S] = - {TV + YJ - iSilj) #. (4.12) 

It is worth highlighting that the global charges are manifestly independent of the radial 
coordinate r. Therefore, the boundary can be located at an arbitrary hxed value r = tq, 
and it corresponds to a timelike surface with the topology of a cylinder. 

Since the Poisson brackets fulhll {Q [Ai] , Q [A 2 ]} = [Ai], the algebra of the canon¬ 

ical generators can be directly obtained from the transformation law of the helds in (4.7). 
Expanding in Fourier modes, X = the nonvanishing Poisson brackets read 


i {i7m, TTji} 
* {TTmj Tn} 


i '4^n\ 


* {V’m; V’n} 


{m n) 77m+n , 

(m - n) Vm+n + km?5 m+n,0 1 

(4.13) 

— (3?Ti Amn -|- 3n ) Vm+n T ^ ^ Tm+n—qTq -|- km 6m+nfl ) 

g 


where the modes of the generators 'ijjm are labeled by (half-)integers when the fermions 
fulhll (anti)periodic boundary conditions. 

It is then clear that, with respect to Jm-, the conformal weight of the generators Vm 
and 'ipn, is given by 2 and 5/2, respectively. Note that the subset spanned by J'm and Vm 
corresponds to the BMS 3 algebra of General Relativity with the same central extension, 
and hence (4.13) stands for its hypersymmetric extension that is manifestly nonlinear. 

It is useful to perform the following shift in the generators: 

"Pn — t "Pn — -hn,0 ; (4-14) 

so that the algebra now reads 


i{iTm!%Tn} — (^ ^) iPn+n ) 

i {ilTm) P n} — (^ ^) P m+n T km {m l) 5m+n,0 i 

i {•Tmi V’n} — ^ 2 '?m+n j 

i {V’m, ?n} = ^ {Qrr? - 8mn + 6r? - 9) Vm+n + ^ Vm+n-qV, 


(4.15) 


Yk [ m ^ j fm ^ ) 6m+n,o > 


in agreement with the result that has been recently anticipated in [ 6 ]. Indeed, dropping 
the nonlinear terms in (4.15), when the fermions fulhll antiperiodic boundary conditions, 
the wedge algebra, which is spanned by the subset of {Jm,'Pm,'4’n} with m = ± 1,0 and 
n = ±3/2,±1/2, reduces to the hyper-Poincare algebra in eq. (4.2). 
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It can also be seen that the hyper-BMSa algebra (4.13) turns out to be a subset of a 
precise Inonii-Wigner contraction of the direct sum of the W( 2 , 4 ) algebra with its hyper- 
symmetric extension W ^2 84 ^ This is the main subject of the next subsection. 


4.1 Flat limit of the asymptotic symmetry algebra from the case of negative 
cosmological constant 

It has been recently shown that the asymptotic symmetries of three-dimensional hypergrav¬ 
ity with negative cosmological constant are spanned by two copies of the classical limit of 
the WB 2 algebra [9] . This algebra is also known as W ^2 5 4 ) corresponds to the hyper- 
symmetric extension of W( 24 ) [31], [32]. The hypergravity theory that was discussed in [9] 
possesses the minimum number of hypersymmetries in each sector, so that the gauge group 
is given by OSp (1|4) ( 8 ) OS'!? (1|4). In analogy with the case of three-dimensional supergrav¬ 
ity [33], one may say that the theory aforementioned corresponds to the M = (1,1) AdSa 
hypergravity. In this sense, there are two inequivalent minimal locally hypersymmetric ex¬ 
tensions of General Relativity with negative cosmological constant, which correspond to the 
(1,0) and the (0,1) theories. It is then simple to verify that both minimal theories possess 
the same vanishing cosmological constant limit, and hence in order to proceed with the 
analysis we will consider the (0,1) one, whose gauge group is given by 5'p(4) ( 8 ) 05p(l|4). 
According to [9] , the asymptotic symmetry algebra of the minimal hypergravity theory with 
negative cosmological constant then corresponds to W( 2 , 4 )©W |-2 5 4 ^. 

The classical limit of the W ^2 5 4 ^ algebra reads 


i 


L 

— (3?72 Tl)lAm-\-n ; 

( 3?Ti \ 

2 ^ ) "^m+n j 


2 

(m — n) (3m^ — 2m^n + Arn^v? — 2mn^ + 3n"^) Cm+n 

‘2‘^3'k , ^ A (6) 


— 2232 

1 , \ / 2 2\ 11 ^ 37r , , fgA 

+ -[m-n)[m -mn + n ) Um+n - [m - n) h>rn+n 

D K 

K 7 
-TT^m 0. 


u rv 

^2 

I 7T . \ / 9 A 2\ A (4) ^ 7 c 

+ Amn + n ) dm+nfl , 

■ {w? — Arn^n + lOmn^ — 20n^) Tm+n — 

1 


(4.16) 


i \p(mi 'I'n} — 223 

+ ^(23m-82n)ASS 

^ ^n} — ^m-\-n ^ —TJITI -|- ^ ^m+n,0 


where the fermionic modes are labeled by (half-)integers in the case of (anti)periodic bound¬ 
ary conditions, and Am = / A^^'^d(j) stand for the mode expansion of the nonlinear 
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terms, given by 


=L\ 

^( 9 / 2 ) ^ ^ 


(4.17) 

(4.18) 

(4.19) 


23 



The bosonic generators Lm and Um span the W( 2 , 4 ) subalgebra. 


In order to take the vanishing cosmological constant limit of the asymptotic symmetry 
algebra of the minimal theory, given by W( 24 )©W ^2 5 4 )) if is useful to perform the following 
change of basis: 



where U~ stand for the generators of the (left) W( 2 , 4 ) algebra, and £+, span 

the (right) W ^2 5 4 ) algebra. Therefore, rescaling the level according to k = in the large 
AdS radius limit, ^ 00 , one obtains that the nonvanishing brackets of the contracted 

algebra read 

* {77)71) TTn} — (m n') ^Tm+n ) 

i {77)71) T* n} — (ui Tl) T* m+n T kui 6m+n,0 j 

i {77)71) kVn} — (3?71 n) Wm+n , 

7 {77)71) Vn} = (StTI Tl) Vni+n ) 



with 


A(6) = —^-wv - —V^ + — (V'f + —VV" 
12 k 288 ^ ^ 9 


(4.23) 


It is then apparent that one can consistently get rid of the (conformal) spin-4 generators 
ViTi) Wn) since the Inonii-Wigner contraction of W( 2 , 4 )©W ^2 s 4 ) i^ (4.22) possesses a 
subset spanned by {T^m, 77m) V’m}) which precisely corresponds to the hyper-BMSs algebra 
in (4.13). Note that this is just a reflection of the fact that in the vanishing cosmological 
constant limit, the hypergravity theory can be consistently formulated without the need of 
spin-4 fields. 
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5 Hypersymmetry bounds 


In the case of hypergravity with negative cosmological constant, it has been recently shown 
that the anticommntator of the generators of the asymptotic hypersymmetries implies the 
existence of interesting nonlinear bounds for the bosonic charges, that saturate for configu¬ 
rations that admit unbroken hypersymmetries [9]. In this section, following these lines, we 
explicitly show that this is also the case for hypergravity with asymptotically flat boundary 
conditions. In order to perform this task, it is useful to assume that the bosonic global 
charges are just determined by the zero modes. Indeed, as explained in [20], a generic 
bosonic configuration can be brought to the “rest frame” through the action of suitable 
elements of the asymptotic symmetry algebra. The searched for bounds can then be found 
along the same semi-classical reasoning as in the case of supergravity [34], [35], [36], [37], 
[38], [39], [22]. Hence, the fermionic bracket in (4.13) becomes an anticommutator, which 
in the rest frame, and for m = —n = p, reads 

^ + i’-pi’p') = ^P^'P + > 0 , (5.1) 

with Vo = 27rV. Thus, since the left-hand side of (5.1) is a positive-definite hermitian 
operator, in the classical limit, and for any value of the (half-)integer p, the energy has to 
fulfill the following bounds: 

(p^ + ^p)(p^ + f^)>0, (5.2) 

which are manifestly nonlinear. 

Note that for any configuration with V > 0, the bounds in (5.2) are automatically 
fulfilled, but never saturate. Indeed, this is the case of the cosmological spacetimes in 
(3.4), which goes by hand with the fact that they do not admit globally-defined Killing 
vector-spinors, and hence, break all the hypersymmetries. 

These bounds are also clearly fulfilled in the case oi V = 0, and for fermions with 
periodic boundary conditions, the one for p = 0 is saturated. This relates to the fact 
that this class of configurations, that includes the null orbifold, possesses a single unbroken 
hypersymmetry spanned by a constant Killing vector-spinor. 

In the case oi V < 0, the class of smooth configurations are the ones for which the 
holonomy of the connection around an angular cycle is trivial. This means that they are 
maximally (hyper)symmetric, and then possess four Killing vector-spinors. As explained in 
section 3.1, their energy is given by "P = — fcj^/vr, and the bounds in (5.2) then reduce to 

{p^-9f){p^-f)>0. (5.3) 

Remarkably, the bounds are only fulfilled in the case of = 1/4, so that four of them sat¬ 
urate, corresponding to p = ±1/2, and p = ±3/2. This is the case of Minkowski spacetime 
(V = — fe/dvr), with four independent Killing vector-spinors that fulfill antiperiodic bound¬ 
ary conditions. Hence, in spite of being maximally hyper symmetric, smooth solutions whose 
energy is lower than the one of Minkowski spacetime are excluded by the hypersymmetry 
bounds. 
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It is worth highlighting that one arrives to similar conclusions in the case of asymptot¬ 
ically flat spacetimes in supergravity [21], In fact, despite the analysis is fairly different, 
the supersymmetry bounds precisely select the same spectrum, including the corresponding 
ground states who saturate the bounds for spinors that fulfill different periodicity condi¬ 
tions. 

6 Hypergravity reloaded 

Let us look for a different theory of three-dimensional (hyper)gravity that is still compatible 
with the asymptotically flat boundary conditions described above, but now allowing the 
presence of spacetime torsion even in vacuum. For simplicity, we consider modifications 
such that the field equations are still of first order for the dreibein and the spin connection. 
One interesting possibility is to include additional terms, so that the action is given by 

L 7 = ^ y 2 i?“ea -h 2'^T‘^ea • ( 6 . 1 ) 

Remarkably, despite the second (volume) term in the action looks like a cosmological con¬ 
stant A = — 87 ^, the field equations actually imply that the Riemann curvature vanishes. 
Indeed, the presence of the last (parity-odd) term in the action has the effect of making 
the volume term to act as the source for a fully antisymmetric torsion in vacuum, being 
proportional to the volume element, given by 

= -7e“^‘^efeee , (6.2) 

so that the remaining field equations fix the curvature two-form according to 

= (6.3) 

Therefore, eq. (6.2) implies that the spin connection splits as = a)“ -|- where is the 
(torsionless) Levi-Civita connection, and the contorsion reads = —ye". The curvature 
two-form is then given by R" = R" -|- ^ 7 ^e"^"ebec, and hence, equation (6.3) implies the 
vanishing of the Riemann tensor, i. e., Ra = \sapTR'^^ ij.udx^dx’^ = 0. 

The most general theory that possesses the features described above is obtained by 
considering the addition of the Lorentz-Chern-Simons form, L{u}) = 0J°'duJa + 
with an independent coupling jj,, provided the remaining couplings in ( 6 . 1 ) are suitable 
shifted. The action is then given by 

~ ^ I ^ “I" d-l) + 7^ ^1 + £abc £°‘^-|- 7 (2 -|- fJ-j) T'^Ca ■ (6.4) 

Noteworthy, despite the fact that the Lorentz-Chern-Simons form is not a boundary term, 
the shifts in the other couplings are such that the field equations in vacuum just become 
reshuffled, coinciding with the previous ones for ^ = 0, given by (6.2) and (6.3). Actually, 
one should highlight that both actions, (6.1) and (6.4), differ off-shell, which reflects through 
the fact that the canonical generators do not have the same form. Consequently, as in 
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the case of supergravity [ 21 ], the asymptotic symmetry algebra of the latter acquires an 
additional central extension with respect to the former (see below). 

The locally hypersymmetric extension of the theory described by (6.4) is given by the 
following action 

= 4,7 + ^ J * 4^-0 + , (6.5) 

which is invariant under the following local hypersymmetry transformations: 

5e“ = ^ieTrV , =-^ WV , - 7efe^“e^ (6.6) 

The field equations now read 

DV = . (6.7) 

Note that in the case of // = 7 = 0, the action (6.5), the transformations rules ( 6 . 6 ), and the 
field equations (6.7), reduce to the ones of the locally hypersymmetric extension of General 
Relativity, given by eqs. (2.5), (2.8), and (2.7), respectively. 

As outlined in [ 6 ], in analogy with the case of supergravity [40], [21], the action (6.4) 
can be formulated as a Chern-Simons one for the hyper-Poincare group (2.2) by virtue 
of a simple modification of the invariant bilinear form, and a suitable shift of the spin 
connection. Indeed, the invariant bilinear form in (2.3) can be consistently modified to 
admit an additional nonvanishing component given by 

{Ja, Jb) = I^Vab , (6.8) 

SO that the Chern-Simons action (2.4) now depends on a different hyper-PoincarAalgebra- 
valued gauge field, defined as 


A — e°‘Pa + ci)“J q -|- ll^aQa > (6-9) 

with := -|- 7 e“. Therefore, in terms of the covariant derivative with respect to a)“ 

and its corresponding curvature, given by D and 7?“, respectively, up to a surface term, the 
Chern-Simons action reduces to 

4 . 7 ,b ^ ^ / 2 .R“ea + /uL(w) -b , ( 6 . 10 ) 

which precisely agrees with (6.5). Note that the field equations (6.7) correspond to the 
vanishing of the components of the curvature associated to (6.9), so that they can be 
compactly written as F = dA = 0, being manifestly covariant under the full hyper- 

Poincare group. 

One of the advantages of having formulated the extension of hypergravity with parity- 
odd terms as a Chern-Simons theory, is that its asymptotically flat structure can be directly 
obtained along the lines of the results in section 4. 
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The asymptotically flat boundary conditions for the connection (6.9) are then proposed 
to be precisely as in eqs. (4.3), (4.4), and (4.8), so that the asymptotic fall-off of the spin 
connection becomes modified. Therefore, the asymptotic symmetries remain the same as 
in section 4, being spanned by the hyper-Poincare algebra valued parameter A = A [T, Y, £] 
given by (4.5). The global charges are then found to acquire a correction due to the 
additional component of the invariant bilinear form in ( 6 . 8 ), so that they now read 

Q [T, Y,£] = - f (tv + YJ- iSil?! #, (6.11) 


with , and do not depend on the parameter 7 . Note that the shift in the canonical 

generator associated to Y implies that in the extended theory, even static configurations, 
as it is the case of Minkowski spacetime, may carry angular momentum. 

It is then simple to verify that, once the canonical generators are expanded in modes, 
their nonvanishing Poisson brackets are given by 



i T’n I 

i {^Pmi V’n} 


(m - n) Jm+n + [ikrr?8 m+n,0 ; 

[tR 77-) 7^ m,-\-n “1“ kui , 

(^-n)v’m+n, (6.12) 

^ (3m^ - 4mn -F 3n^) Vm+n + ^ Vm+n-qVq + km‘^6m+n,0 , 


which corresponds to a hypersymmetric extension of the BMS 3 algebra, with an additional 
central extension along its Virasoro subalgebra. 


7 General Relativity minimally conpled to half-integer spin fields 

In the generic case of fermionic fields of spin n and in the absence of cosmological 
constant, the hypergravity action reads [5], [ 6 ] 

1=^1 , (7.1) 

where V’ai...a„ describes a Grassmann-valued 1-form that is P—traceless, i. e., r“^V’ai...a„ = 
0, and completely symmetric in its vector indices. Its covariant derivative can be conve¬ 
niently written as 

^ ^ ■ (7.2) 

The standard supergravity action in [41], [42], [43] is then recovered for n = 0, while the 
theory discussed in section 2 corresponds to n = 1 . 

The generic theory can also be formulated in terms of a Chern-Simons action for a 
gauge field that takes values in the hyper-Poincare algebra, given by 

M = e^Pa + Co'^Ja + • (7-3) 
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Here correspond to F—traceless fermionic generators of spin n + ^. The explicit 

expression of the generic hyper-Poincare algebra can be compactly written in terms of its 
Maurer-Cartan form (see appendix C). The field equations then read F = dA -|- = 0, 

with 

F = R-Ja + f-Pa + , (7-4) 

where the hypercovariant torsion is now given by 

. ( 7 . 5 ) 

Thus, by construction, the action is invariant under gauge transformations generated by 

^ = eai...a„Qa ■■■“"> SO that 

(5a;“ = 0, (7.6) 

^^ai...a„ _ jj^ai...an 

7.1 Killing tensor-spinors 

According to (7.6), a purely bosonic configuration is invariant under local hypersymmetry 
transformations provided the following “Killing tensor-spinor equation” is fulfilled: 

deai...a„ + + 2 ) W^rbeai,,.a„ “ {ai<^a2...an)b = 0 • (7.7) 

Since the field equations imply the vanishing of the curvature two-form i?“, the general 
solution of (7.7) is now given by 

2 i9v)a\ ■ ■ ■ iavtl > (7-8) 

where gs and gy are defined in eq. (3.3). As explained in section 3, both stand for the 
same group element g that determines the spin connection, u = g~^dg, but expressed in 
the spinor and the vector representations, respectively. In the generic case, is a 

constant T—traceless tensor-spinor. Unbroken hypersymmetries then correspond to Killing 
tensor-spinors of the form (7.8), that are globally well-defined. 

The hypersymmetry properties of the class of solutions discussed in section 3.1, describ¬ 
ing cosmological spacetimes and configurations with conical defects, then go as follows. For 
any configuration with P ^ 0, gs and gy are given by (3.8) and (3.9), respectively; while in 
the case of V = 0, they read as in eq. (3.10). Therefore, in the case of "P > 0 the solutions 
cannot possess globally-defined Killing tensor-spinors, because in (7.8) do not fulfill 

neither periodic nor antiperiodic boundary conditions. This means that hypersymmetries 
are necessarily broken for cosmological spacetimes. 

By virtue of (7.8) and (3.10), configurations with P = 0 only admit constant Killing 
tensor-spinors that fulfill the following condition: 

(” + 0 rieai...a„ - f^iaAa2...a„}l = 0 , (7.9) 
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which implies that they have a single nonvanishing component given by eQg...Q = 'Hoo—o- 
Therefore, this class of spacetimes possesses just one unbroken hypersymmetry, which re¬ 
lates to the fact that there is only one hypersymmetry bound that saturates for fermions 
with periodic boundary conditions (see below). 

As explained in section 3.1, smooth solutions with conical defects are maximally hyper- 
symmetric and their energy is determined hy V = —kj'^jiT < 0, where j is a (half-)integer. 
For this class of configurations, the explicit form of the Killing tensor-spinors is then given 
by (7.8), with gs and gv being described by eqs. (3.12) and (3.13), respectively. It will also 
be shown below that conical surpluses are excluded by the hypersymmetry bounds, which 
are fulfilled only for j'^ = 1/4, which corresponds to the case of Minkowski spacetime. 


7.2 Asymptotically flat structure and hypersymmetry bounds 


In order to describe the asymptotically flat behaviour of hypergravity in the generic case, 
it is convenient to make use of the F—traceless condition of the fields and the generators, 
which amounts to reduce the number of independent components. The hyper-Poincare 
algebra in (C.2) can then be alternatively written as 



|Qp, Qqj 


(?n 77.) Jrn-\-n 

(jYl Ti) rn+n ? 

{sm - p) Qm+p , 
fp^q'^P+q > 


(7.10) 


with m,n = 0, ± 1 , and p,q = ±|..., ±s, where s stands for the spin of the fermionic 

generators Qp. The structure constants fulfill fp^g = fg^p = f^p_g, and the nonvanishing 
ones are given by 


^P-P 


As) 

s + p + VP’-P-^ 


(_l)P+5 


bl 



( 2 s -F 2k) 
- 2 (^- 1 ))’ 


(7.11) 


provided |p -|- ^1 < 1. Here the fermionic generators have been normalized according to 

# 1 = -l. 

2 ’ 2 

It is amusing to verify that the Jacobi identity now translates into the fact that the 

tg) 

structure constants solve the following recursion relation: 

{m-{p + q)) - (sm - p) “ 9) fp^i+g = 0 . (7.12) 


For later purposes it is useful to note that 


M f 2s (4s)!! 

^ ^ 2s + 1(2s-1)!!2 • 


The structure constants can also be conveniently written as 


f(^) 

J m,n 



1=0 


(7.13) 


(7.14) 


17 - 











where hm,n stand for homogeneous polynomials of degree 21 in m, n, i. e., 

Indeed, as it is shown below, the asymptotic symmetry algebra can be naturally expressed 
in terms of where m, n are extended to be arbitrary (half-)integers. Note that in the 
case of supergravity fmfn^ = — 1, while for fermionic generators of spin s = 3/2, the form 
of fm,n can be read from eq. (4.2). In the case of fermionic generators with s = 5/2, 7/2 
the explicit form of and fm[^ is given in appendices D.2 and D.3, respectively. 

Following the lines of section 4, the asymptotic form of the gauge held can be written 
as in eq. (4.3), so that at a hxed time slice, the dynamical held is proposed to be given by 

a-tp = >Ji ~ ^ {jV-i + VJ-\ + agi/jQ-s^ , C^-IS) 

with 

a. = (/it.+i)"' = -2s , (7.16) 

and can be read from eq. (7.13). 

The asymptotic symmetries are then generically spanned by a hyper-Poincare-valued 
parameter of the form 


A = TPi + YJ, +SQg + r?(,) [T, T, S] , (7.17) 

where [T, Y, £] goes along all but the lowest weight generators, provided the helds 77, 
V, Ip transform in a suitable way. 

The asymptotic form of the Lagrange multiplier can then be written in terms of the 
chemical potentials according to 


au = X[pip,nj,pipj] . (7.18) 

Its form is preserved under evolution in time as long as the held equations are fulhlled 
in the asymptotic region, and the parameters are subject to appropriate conditions, being 
described by hrst order equations in time. 

In order to integrate the variation of the canonical generators in (4.11), one needs the 
relevant fermionic component of the invariant bilinear form, which is given by 

(a,Q-s) = 2a;S (7.19) 

so that the global charges in the generic case acquire the same form as in eq. (4.12), i. e., 

Q [T, Y,£] = - J {TV + YJ- iSP) #. (7.20) 

Once expanded in Fourier modes, the nonvanishing Poisson brackets of the canonical gen¬ 
erators are given by 




i 'Pn} 




i {jPrri’) 


{jYl n) j7m+n ? 

{jYl Tl) 7^m+n klTl 5m-\-Yi^Q , 

{sm - n) ipm-\-n , (7-21) 


s-1/2 

E 

5=0 


(- 1 ) 


2s—q 


s - q + 


^-1-2 1 
/i(q) 

m+n ' V 




{2s] 


a. 


A I 

Um+n,0 ~r ^rn-\ 


m+n 


- 18 - 




The conformal weight of the fermionic generators ipn with respect to is given by A = 
s + 1. Here hl^]n stand for the homogeneous polynomials defined through eq. (7.14), 
extended to the case of (half-)integers, and 

'Pm+n 'Pm+n-ii - ir'Pii ' ' ''Pir ■ (7.22) 

i 1, • • ’ir 

^(s) 

Here '^m+n stands for the mode expansion of nonlinear terms that contains derivatives of 
V, and becomes nontrivial provided s > 3/2. Indeed, according to eqs. (D.9) and (4.13), 
in the case of supergravity (s = 1/2), and for s = 3/2, one finds that '^^+1 — ^m+n = ^5 
while for s = 5/2 it is proportional to the mode expansion of (V')"^ (see eq. (D.20)). The 
explicit form of is given in eq. (D.30). 

As in section 5, the asymptotic symmetry algebra (7.21) also implies the existence of 
nonlinear bounds for the energy. Indeed, making the same assumptions, for m = —n = p, 
the (fermionic) anticommutator is manifestly positive-dehnite. Furthermore, since in the 
“rest frame” the bosonic global charges just correspond to Vo, the nonlinear terms described 
by the fermionic anticommutator do not contribute. Therefore, in the generic case 

the bounds are given by 

+ + >0, (7.23) 

i=0 ^ ^ 

where p is a (half-)integer for the case of fermionic fields of spin s = n + 3/2 that fulfill 
(anti)periodic boundary conditions. 

It is then clear that the bounds are fulfilled for conhgurations with V > 0, as it is 
the case of cosmological spacetimes. The fact that they never saturate agrees with the 
nonexistence of globally-defined Killing tensor-spinors. Note that in the case of "P = 0 the 
bounds are also satished, while the one with p = 0 saturates, which corresponds to the fact 
that configurations of this sort admit a single unbroken hypersymmetry, being generated 
by a constant Killing tensor-spinor. 

For the class of maximally hypersymmetric smooth solutions with negative energy 
{V = -kf/ tt) described in section 3.1, the bounds (7.23) read 

n 

Yl{p^+ >0, (7.24) 

i=0 

which implies that the only case that fulhlls all of them, also saturate the ones for p = 
±(2z -|- l)/2, with i = 0,1,..., n, and corresponds to = 1/4. Thus, Minkowski spacetime 
becomes naturally selected at the ground state in the case of fermions that satisfy an- 
tiperiodic boundary conditions, possessing the maximum number of Killing tensor-spinors 
described by (7.8), with (3.12) and (3.13). 

In sum, in the case of fermions that fulfill periodic boundary conditions the energy 
spectrum is nonnegative (V > 0), so that the allowed class of solutions is generically 
characterized by the cosmological spacetimes described in section 3.1. The ground state is 
then given by a configuration of vanishing energy that saturates only one of the bounds 
(p = 0). This corresponds to the null orbifold which, as shown in section 7.1, possesses a 
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single Killing tensor-spinor. If the fermions satisfy antiperiodic boundary conditions, the 
spectrum becomes enlarged since the bounds now imply that V > —fe/dvr. Nonetheless, 
since conical defects and surpluses generically do not fulfill the field equation in vacuum, 
they are discarded unless they are smooth. According to (7.24), in this case the ground 
state saturates as many bounds as the maximum number of Killing tensor-spinors, and it 
can be identified with Minkowski spacetime, so that the spectrum acquires a gap. 


8 Final remarks 


In the case of fermionic fields of spin s = n -|- 3/2, the locally hypersymmetric extension 
of the action in (6.4), that includes parity-odd terms, can also be formulated as a 
Chern-Simons theory for the hyper-Poincare group in (C.2). In order to carry out this 
task, the invariant bilinear form has to be suitably modified, so that it acquires additional 
components being determined by eq. (6.8). The gauge field reads 


A = 


e'^Pa + Jq, -|- V’, 


ai...ar, 


,Q 




( 8 . 1 ) 


where, as in section 6, -|- 7 e“. Therefore, up to a boundary term, the action of the 

extended hypergravity theory reduces to 




— 7^,7 + 


dvr 


iip, 


0^1. • • ‘^71 


D + 


”+2 


yeTfe 




CL\ 11 iCLyi 


( 8 . 2 ) 


being by construction locally invariant under 


<5e“ = 
(5a;“ = 






(8.3) 


D + [ n + -] -fe Tb 


ai...an _ ga2.-.an)6 


Note that the extended hypergravity action (8.2), and its corresponding local hypersym¬ 
metry transformations (8.3), agree with the corresponding ones for the locally hypersym¬ 
metric extension of General Relativity, given by (7.1) and (7.6), respectively, in the case of 
/X = 7 = 0. Consequently, a suitable set of asymptotically flat boundary conditions for the 
extended theory is also proposed to be described by gauge fields of the form (4.3), (7.15), 
and (7.18). The canonical generators of the asymptotic symmetries then reduce to the ones 
in eq. (6.11), with so that their algebra is readily found to be described by 

(7.21), but with an additional central extension along the Virasoro subalgebra, precisely as 
in eq. (6.12). 

It is worth pointing out that prescribing the asymptotic behaviour of gauge fields to be 
described by deviations with respect to a reference background that go along the highest 
weight generators of the algebra, turns out to be a very successful strategy. Indeed, this is 
not only the case of General Relativity in three spacetime dimensions [28], but it is also so 
for its locally supersymmetric extension with or without cosmological constant [44], [21], 
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or even when the theory is nonminimally coupled to higher spin fields [451, [46], [47], [26], 
[27], [19], [48], [20], [17], [18], [49], 

One of the interesting features of dealing with hypersymmetry, is that nonlinear bounds 
for the energy have been shown to naturally emerge from the anticommutator of fermionic 
generators. In the case of vanishing cosmological constant, the hypersymmetry bounds 
for the theory in vacuum turn out to exclude solutions that describe conical defects and 
surpluses [10], [11], despite the latter are maximally (hyper)symmetric. In presence of 
higher spin fields, the analogue of this class of configurations has been discussed in [50], 
[51], [7], [52], [53], [54], [55], [9]. It is then worth highlighting that, according to the results 
that have been recently obtained for hypergravity with negative cosmological constant [9], 
one is naturally led to expect that only a suitable subset of asymptotically flat solitonic- 
like solutions might fulfill the hypersymmetry bounds, for which the higher spin charges 
become tuned in terms of the mass. Indeed, it is amusing to verify that the gauge group 
5p(4) (8) OSp{l\A) admits an inequivalent Inonii-Wigner contraction as compared with the 
one described in section 4.1, so that the electric-like spin-4 charges cannot be consistently 
decoupled in this alternative flat limit of the (0,1) theory. This contraction is defined 
through a different change of basis 

p. = !(£+ + £:.) . = £+-£:., 

Wn = !(«„++MZ„) . V„ = (8,4) 

where U~ stand for the generators of the (left) sp (4) algebra, and Cf, 5+ span the 

(right) osp{l\A) algebra. Thus, in the limit of large AdS radius, ^ —>■ oo, the nonvanishing 
components of the (anti)commutators of the new algebra read 


Ji-, Jj 

A,Vn 

'^mi 

Vm,Wn 

Vmj Qp 


— {i j) Ji+j ) 

= (3i 7i) VVj-|_)T, , 

= (3i - n) Wi+n , 


Ji^ 'Pj 

Vn 

7^) Qp 


= {i- j)Vi+j , 

= (3i - n) Vi+n , 


= i^-p] Qi+P > 


1 

¥3 

1 


(m — n) I (m^ -|- — 4) {rrP + ¥ - mn — 9)- {mn — 6) mn | Jm+n 

3 3 


+ -{m-n)[rin?-mn + r?-7)Vra+n-, (8.5) 

1 / 2 2 \ - 

= ^ 5 — im — n) [ irrP -|- — 4) (m? -\- rp - mn — 9)- imn — 6 ) mn ) Vm+n 

2^3 \ 3 3 J 

+ \ im - n) [m? - mn + n^ -7) VVm+n , 

0 

= ^ (2m^ - 3m?p + 20mp^ + 82p - 23m - 40p^) Qm+p , 


^Note that OS'p (1|4), corresponding to the super-AdS 4 group, as well as the superconformal group in 
three spacetime dimensions, admits two interesting consistent “flat limits” {£ —>■ 00 ), which can be obtained 
rescaling the generators either as in eq. (4.21), or in (8.4), provided the left copy is switched off. 
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|Qp, Qgj = 3>Vp+g + p (6/ - 8pg + 6g^ - 9) Pp+g , 

which is to be regarded to span the gauge group of flat hypergravity coupled to spin-4 helds. 
Here, i,j = 0,±1, m,n = 0,±1,±2,±3, and p,q = ±2 ,±§. The mode expansion of the 
asymptotically flat symmetry algebra of hypergravity with a fermionic spin-5/2 held, being 
coupled to spin-4 helds, is then expected to be such that the nonvanishing Poisson brackets 
are given by 


i {jTrm J^n\ 

Wn} 

i{'Pm,Vn} 
i{Vm,Vn} = 


{rn n) J^m+n ; * {J^rm 'Pn} — Pm+n T kTfl 5ra+nfl i 

(Stn Tl) yVm+n ) i {iTm; Pn\ — (StTI Tl) Pni+n j 

/ 37TZ \ 

(3?71 TT/) Wm+n ? i {J^mi ’^1 '^m+n ; 


1 


(m — n) (m^ — mn + v?) Vm+n -r— — n) 0,^^^ 


2232 
1 
6 
T^vr 

'Wk 
1 


(m — n) (3m^ — 2m?n + — 2mn^ + 3n'^) Jm+n 

2337r 
~k 


m+n 


(m — n) -|- 4mn -|- n^) 0, 


(4) 

m+n 


* {Vm, Wn} = (m - n) (3m^ - 2m^n + 4m^+ - 2m+ -|- 3+) Pm-i-n (8.6) 


2232 

-I-- (m — n) (m^ — mn -|- +) Wm-i-n-^ (m — n) H, 

6 k 


( 6 ) 

m+n 


7^7r 


A: 


("i - ?4) + 4mn -F +) , 

1 237r 

* {Vm, +} = ^ - 4m^n -F 10m+ - 20+) ijjm+n - 
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+ ^(23m-82n)HS£l, 


i {pPmi '4^n\ — 3Wm-(-n 4” 2 ( ^ ^UlTl n \ Pm+n T ^ -|- fcm 5m+n,0 ; 


where flm, and 0m stand for the mode expansion of the following nonlinear terms:^ 
q(P = lp2 ^ 

0(^) = JP , 

H(9/2) = 

H(ii/2) = , (8.7) 

46 

e'®> = - ^ (VP + w j) - (^p V + §1 J'P' + ^ (JP" + P J") + . 

®The infinite-dimensional nonlinear algebras in eqs. (4.22) and (8.6), correspond to different hyper- 
symmetric extensions of the BMSs algebra, being isomorphic to the Galilean conformal algebra in two 
dimensions, and then relevant in the context of non-relativistic holography [56], [57], [16], [58], [59]. 
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Indeed, this asymptotic symmetry algebra is recovered from a contraction that corresponds 
to a different flat limit of W( 2 , 4 )©W |-2 54 ^, as compared with the one in 4.1. The flat limit 
is now defined according to 

Vn=\{Ct+CZn) , Jn=Ct-CZn, 

Wn = \{U++UZn) , Vn=U+-UZn , , ( 8 . 8 ) 

where the level also rescales as k = ki. 

Moreover, once the modes Vm are shifted according to (4.14), it is simple to verify that 
the wedge algebra of ( 8 . 6 ) reduces to the algebra of the gauge group in (8.5). 

From the anticommutator of the fermionic generators in ( 8 . 6 ), one then finds that the 
zero modes of the energy and the electric-like spin-4 charge, 27rV = 27rW’ = Wq, fulfill 

the following bounds 

O-TT 

3W + + 5p‘^V + > 0, (8.9) 

which agree with the bounds in [9] in the flat limit. It would then be interesting to explore 
different classes of solutions endowed with electric-like spin-4 charge, including cosmological 
spacetimes and solitonic-like configurations that fulfill the bounds (8.9), as well as the 
hypersymmetric ones that should saturate them. Note that since the bounds (8.9) factorize 
as 

^ ’ ( 8 . 10 ) 

it is natural to expect that the eigenvalues of the holonomy of the dynamical gauge field 
along an angular cycle, for the class of solutions aforementioned, have to be given by 

In the case of solitonic-like solutions, these eigenvalues should then correspond to a couple 
of purely imaginary integers, that become related for the class of configurations that fulfill 
the bounds ( 8 . 10 ), saturating just some of them. 

As a final remark, since the hyper-Poincare group actually exists for d > 3 spacetime 
dimensions [ 6 ] , it would be interesting to explore whether similar results as the ones obtained 
here could extend to higher-dimensional spacetimes. In this sense, despite the no-go results 
in four dimensions [2], [3], [60], [61], [62], some interesting results have been recently found in 
the case of hypergravity at the noninteracting level [63] . Whether these results correspond 
to a suitable weak field limit of Vasiliev higher spin gravity [64], [65], or another theory 
that has yet to be found, remains as an open question. 

Acknowledgments 

We thank M. Henneaux, A. Perez and D. Tempo for helpful discussions. We also thank the 
International Solvay Institutes and the ULB for warm hospitality. O.F. and R.T. wish to 


23 - 



thank Amilcar de Queiroz, Emanuele Orazi, and the organizers of the school and conference 
“Theoretical Frontiers in Black Holes and Cosmology”, hosted by IIP-UFRN, during June 
2015, for the opportunity of presenting this work. O.F. thanks Conicyt for financial sup¬ 
port. This research has been partially supported by Fondecyt grants N° 1130658, 1121031, 
3150448. The Centro de Fstudios Cientlficos (CFCs) is funded by the Chilean Government 
through the Centers of Excellence Base Financing Program of Conicyt. 


A Conventions 


We follow the conventions of [6]. The orientation is chosen to be such that the Levi-Civita 
symbol fulfills eoi2 = Ij and the Minkowski metric is assumed to be non-diagonal, whose 
only nonvanishing components read r/oi = r/io = ^22 = 1- Round brackets correspond to 
symmetrization of the indices enclosed by them, so that 

J^(a|y6^|c) ^ + X^Y'^Z^ . (A.l) 

Note that the three-dimensional Dirac matrices, that satisfy the Clifford algebra {Pq, Tf,} = 
2r]ab, fulfill the following identity: 

papfcpc _ ^abc _|_ _j_ ly^^pa _ ^“Cpfe 2^ 


The generators of the Lorentz group, in the spinorial and vector (adjoint) representations, 
are assumed to be given by (Ja)^ = 5 (^0)^, and {Ja)^ = —^aci respectively. 

The three-dimensional P-matrices are chosen as 


Po = (o-i + i(^2) 


Pi = ^ (0-1 -ia2) 


r2 = 0-3, 


where u,- stand for the Pauli matrices: 


ai = 


0 1 
1 0 


<72 = 


0 -i 
i 0 


(73 = 


1 0 
0 -1 


(A.3) 


(A.4) 


For a vector-spinor with a = and a = 0,1, 2, the Majorana conjugate is defined 

as x[)aa = 'i’aCjSai where the charge conjugation matrix C, and its inverse are chosen as 


Cafj — 




(A.5) 


so that C'^ = —C, and (CPa)^ = CPa- 


B Killing vector-spinors from an alternative approach 

Killing vector-spinors e" in (3.2) that are globally well defined can be recovered as a par¬ 
ticular case of the asymptotic symmetries discussed in section 4. Indeed, they are of the 
form = A [0,0, T], with A given by (4.5). Hence, for the class of bosonic configurations 
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discussed in section 3.1, that only carries the zero modes of the global charges, and their cor¬ 
responding chemical potentials are constant, the components of the Killing vector-spinors 
can be written as 

A[0,0,£1 =£C3 1 (|££>-£") c_. - ^ Q_,. (B,l) 

The requirements of invariance under hypersymmetry can then be read from eqs. (4.7), 
(4.10), so that the Killing vector-spinor equation reduces to 

Qtt Jc 

= -+ 5VS" -T"" = 0, (B.2) 


£ = , (B.3) 

which can be readily integrated. In fact, the solution of eq. (B.2) is generically given by 


£ = 


+ A2e~ 


+ A3e 




A4.€ 


-3,/2m, 


(B.4) 


where Ai = Ai (u) stand for four arbitrary functions. 

In the case of V > 0, £ clearly cannot fulfill neither antiperiodic nor periodic boundary 
conditions, and therefore, cosmological spacetimes break all the hypersymmetries. 

Note that if the energy vanishes (V = 0), eq. (B.2) integrates in a different way: 

£ = vTo -|- Ai(j) A2(I>^ ~\~ A^cj)^ . (B.5) 


Periodicity then implies that £ = Aq (n), while the remaining equation (B.3) fixes the 
arbitrary function to be a constant. Hence, vanishing energy configurations, as the null 
or bifold, admit a single constant Killing vector-spinor. 

Finally, for V = —/cn^/vr < 0, eq. (B.4) reads 

S = , (B.6) 

so that n turns out to be a (half-)integer for fermions fulfilling (anti)periodic boundary 
conditions. The remaining equation (B.3) then fixes the form of the arbitrary functions 
Ai (u), and hence there are four independent Killing vector-spinors, determined by 

£ = £-3e3m(/i_y«-H0) g*^-3in{HjU+4,) _ 

It is worth pointing out that Minkowski spacetime, which corresponds to n? = 1/4, is the 
only one of this class that fulfills all the hypersymmetry bounds (5.3), saturating precisely 
four of them in the case of antiperiodic boundary conditions. Indeed, the remaining solu¬ 
tions of this sort, in spite of possessing the maximum number of hypersymmetries, become 
manifestly excluded by the bounds. In the case of periodic boundary conditions, the null 
orbifold also satisfies the bounds, but it saturates only one of them. 
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C Hyper-Poincare algebra with fermionic generators of spin n + \ 

The extension of the Poincare algebra in the generic case includes fermionic tensor-spinor 
generators being completely symmetric in the vector indices, and P-traceless, i. e., 

Qax...a„Y^^ _ Q jgj Maurer-Cartan 1-form, 

0 = p-Pa + T<^Ja + (CT) 

corresponds to a flat connection that fulfills 

dr“ = -^e“%r,, (C.2) 

dp- = -e<^>^-npc + l{ri + ^^ , 

where Xai...a„ is P-traceless, and completely symmetric in the vector indices. Apart from 
Ii = P^Pa, this algebra admits an additional Casimir operator given by 

h = 2rPa + Qaa,...a„C^^Qf (C.3) 


D Asymptotic hypersymmetry algebra 
D.l Spin-3/2 fields (supergravity) 

In our conventions, the super-Poincare algebra with M = 1 reads 


[Jai Jb] — ^abcJ j 

[Ja, Pb] = ^abcP’^ , 

[JaM = l{raf, 

{Qa,Qp} = -liCT^UPc, 

so that changing the basis according to 

^-1 = —2Jo , Ji = Ji , Jq = J 2 , 
P-i = —2Po ) Pi = Pi , Pq = P 2 , 

Q_i=2tQ+ , Qi=23g_, 

2 2 

it acquires the following form 


Jm: kJn 
Jm-, 'Pn 
Qp 

jCp, Qqj 


— {jn n) i^m+n ) 

— (jn n) Pm+n 1 


m 


P ) Qm+p ) 


= -p 


p+q ■ 


(D.l) 

(D.2) 


(D.3) 


(D.4) 
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with m,n = 0, ±1, and p,q = 

The asymptotic form of the dynamical gauge field then reads 

ci(p = + JV-x + ) (D-5) 

which is mapped into itself under gauge transformations generated by 


X = TVx+YJi + SQi+p^i^[T,Y,S], (D.6) 

with 


[T, y, f] = -T'Vo - Y'Jxx - (^£' + Q_ i + ^ (y" 

, 1 frrn ^vrTP 27rYJ iTT£Tp\ ^ 

Yv ~^k - 

provided the fields transform according to: 


(D.7) 


k 

5V = 2VY' + V'Y - Y'" , 

27r 

SJ = 2JY' + J'Y + 2Vr + V'T - ^T'" + lii/jS' + UiP'S , (D.8) 

Ztt 2 2 

Sxjj = -xjxY' + ijj'Y -V£ + -£" . 

2 TT 

Once expanded in modes, the asymptotic symmetry algebra is found to be given by 

i {J^mt 'Pn} — P m+n “1“ kfU Sm-\-n,0 ; 

/ TTl \ 

i {Jmj V’n} — \ V ’ (^■®) 

* {V^m; V’n} — m+n T 2kTn Sm+nfl j 

and hence in the case of fermions that fulfill periodic boundary conditions, the energy 
V = ^ is bounded to be nonnegative, 


V>0, 


(D.IO) 


while in the case of fermions subject to antiperiodic boundary conditions, the energy fulfills 

i + f>0. (D.ll) 

These results agree with the ones in [21], 


D.2 Spin-7/2 fields 

In the case of fermionic generators of (conformal) spin A = 7/2, the hyper-Poincare algebra 
can be written as 



jCp, Qgj 


{jn Tl) i^m+n ) 

(m - n) Vm+n , 

“ Qm+p 1 

p,q ' '"p+g > 


5m 

Jv.o ' 1 


(D.12) 

(D.13) 
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with 


^ = - ^ [80 [p^ + q*) - 128 {p\+pq^) 

+14Vg2 _ 020 (/ + ^2^ g32p^ g75j 


(D.14) 


where m,n = 0, ±1, and p,q = ±^, zb|, ±|. 

The asymptotic behaviour of the dynamical gauge field now reads 


a4>- Ji- ^ (jV-i + VJ-i + ^Q_5 


(D.15) 


so that the asymptotic symmetries are now spanned by 


X = TVi+YJi + SQi +P(,^[T,Y,S] 

2 \ 2 } 


(D.16) 


f ) 


-T'Vo - Y'Jq - E'Qz + - T" - 
2 2 V 


2ttTV 2ttY J biTrSip 


1 / „ 27rYV 

2 V k 




1 / 457r2£:p2 22tt£"V IQttS'V BttSV" 

^ P k k k 




1497r2£:'p2 i27ry^ 3Qtt£'''V 


UOtt'^SVV' A0tt£"V' 2Ztt£'V" 5tt£V'‘ 


(D.17) 


and the transformation law of the fields is given by 


5V = 2VY' + V'Y - Y'" , 

27r 

SJ = 2JY' + J'Y + 2VT' + V'T - ^T'” + \i'4j£' + \ii)'£ , (D.18) 

ZTT 2 2 

7,,^. / 757r2p3 657r(p')2 ISSttPP" 5 ^ 

- -P<‘) j f 

( mnw _ I \ /2^ _ 21 _ 35 _ 35 ,,, ^ 

6fe 3 / ^ V 12fe 4 / 6 12 ^ 127r ■ 
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The Poisson brackets of the asymptotic symmetry algebra in this case read 


liJm^Vn} = (m-n) Vm+n + kui^Sm+nfi , 

/ cr_ \ 


( 5m \ 

2 ^ ) '4^m+n ? 

^ {^m, V^n} = ^ (5m^ - 8m^n + - 8mn^ + 5n^) Pm+n 

1 

(l55m^ — 208mn + 155n^) y] Vm+n-g'Pg 

n 


1 

4^ 

75 

IGA:^ 


I \^-p T, ^ , ^(5/2) 

+ 20^2 / y ' m+n-q-r I ql r ' Om+n,0 + ^m+n ) 

1 


where 


stands for the mode expansion of 


-(5/2) ^ 


257r {V') 
12A: 


(D.19) 


(D.20) 


The anticommutator of the fermionic charges then implies that the energy has to fulfill the 
following bounds 

/ 2 257rP\ / 2 97rP\ / 2 t^V\ 

(^P +^j(p +^j(p +^j>0. (D.21) 

with p given by a (half-)integer for fermions that fulfill (anti)periodic boundary conditions. 


D.3 Spin-9/2 fields 

The hyper-Poincare algebra with fermionic generators of (conformal) spin A = 9/2 is 
described by 


where 



|Qp, Qgj 


{rn n) j^m+n 1 
{m - n) Vm+n , 

Qm+p ) 



f(7/2)-p 

Jp,q ' 1 


p+q 7 


(D.22) 

(D.23) 


^ ^ [112 (p® + q^) - 192 {p^q + pq^) + 240 {pV +p^q^) - 256p^q^ 

-2240 (p^ -h q‘^) + 3616 {p^q -h pq^) - m0p‘^q'^ (D.24) 

-M1578 (p2 q"^) - 15592pg - 11025] , 

and with m, n = 0, ±1, and p,q = ±1,±|,±|,±|. 
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The asymptotic fall-off of the dynamical gauge field is now given by 


a,f> = Ji — — (jV-i + VJ-i — ^Q_i 
k \ 35 2 


(D.25) 


and the asymptotic symmetries turn out to be parametrized according to 


A = tA + YJi + £Qi+7](r^ [T, Y, £] 

2 \2j 


(D.26) 


with 


V^7^[T,Y,£] 


-rvo - Y'Jo -£'Q, + - 
2 2 


rjpff _ 


2'kTV 

k 


2ttYJ 

k 


7iTT£^\ 

) 


V- 


1 


4 (y" - j-, +1 ie" - ^) c, -1 (r' - 




—+ 

120 V 

337t£'V” 


k ) 

IOStt^T-P^ 

P 


2 

347r£:"P 


k J 2 
267r£:'P' 


6 

TttTP" 


k 


Q_i 

2 


k 


A:2 

TttTP'" 


+ 


k k k 

322tt‘^£VV' 50tt£"'V m^£"V' 


k^ 

1 


e-i + 7^'- 


k 

15757r^£V^ 


k 


^ 9197r2£:"p2 ^ 15307r2£:'PP' , 4277r2£:pp" 

~t~ , Q ~t~ , r) T , Q T 


k^ 

322tt‘^£ {V'f 


k2 J^2 ' J^2 ' J^2 

657r£:(^)p llOvrT^^lp' 937r£:"P" 407r£:'P"' 77r£:p(4)\ 


A: 


A: 


A: 


A: 


A: 


, Q_5 


5040 


^(7) 64837r3£:"p3 85 897r3£:p27:?' ^ 15197r2£:'"p2 


A:3 


A:3 


A:2 


40887 r 2 £:"PP' 2353 tt‘^£'VV" 1852 PT' (p 

A:2 A:2 k^ 

51l7r2£:pp'" 107l7r2£:p'p" 

H--1- 


/^2 


1447ryV’ 77Tr£(^^r 1757r£:Wp' 


k^ k"^ k k 

2037r£:'"P" 1337r£:"P"' 477rT'p(^) 7tt£V^^'^\ 


k 


k 


k 


k 


- 


Q_ 


k 


Qi 

2 


(D.27) 


so that the fields transform as 


5V = 2VY' + V'Y - Y "', 

27r 

bj = 2JY' + J'Y + 2VT' + V'T - ^T"' + \ii>£' + \ii,'£ , 

ZTT 2 2 


(D.28) 
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Sif) = + 'ip'Y + — 


12257r3p4 57897r2'P"'p2 24297r2 {V'f V 


16k^ 


+ 


72/c2 


+ 


18/c2 


357rp(^)p 1197r(P")^ 79l7rP'P"' 7 


9A: 


16A: 


+ —7^(6) £: + 

72A: 144 


p2297r2p'p2 isiTrp"'^ 99 ttV'V” 

^ V 




+ 


6 k 2 k 

/32297r2'p3 igrTT-p^-p IGSvr (-p')^ 5 . 4 ) 

36A:2 4fc 4fc ^ Y 

3297rPP' 




+ ( -V” - 
'3 6 k 


£:W + 


21 , _ 3297rp2 - 

8 24A: 


The mode expansion of the asymptotic symmetry algebra is then given by 


i {jTm, J^n} — J^m-\-n ; 

i {Jm, Pn} = (m-n) Vm+n + km^Sm+nfi , 

( Ttti \ 

2 '4^m+n ) (D.29) 

i {V'm, V'n} = (7m® — 12m®n + 15m^n^ — 16m^n^ + ISm^n^ — 12mn® + 7n®) Vm+n 

~*~14^ (l40m^ — 226m^n + 2bbm^v? — 226mn^ + 140n^) y] Vm+n-gVg 

Q 

+ ^^2 (5789m2 7796mn + 5789n2) E 'Pm+n—q—rPqPr 

q,r 

1225 ^ ^ ^ ^ ^ Sj: , -( 7 / 2 ) 

+ 12 g ^3 Pm+n-q-rPqPrPt + (57n+n,0 + -m+n ^ 

q,r,t 


where 

= 70m+n + (329m^ - 494mn + 329n^) Xm+n , 
and 0m and Xm correspond to the mode expansion of 

15967r2p (P')^ 66l7r(P")^ _ tt {V'f 

" ~ 432 P im ’ 144/c ’ 

respectively. 

The energy is then fonnd to fnlfill the following bonnds 



497rP\ 

~ J 



25 ttV\ 
~ ) 




> 0 , 


(D.30) 


(D.31) 


(D.32) 


where according to the (anti)periodicity conditions for the fermions, p corresponds to a 
(half-) integer. 
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